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SUBJECT EXAM
PHYSICS 851/852, SPRING 1999

Consider a particle of mass m that feels an attractive one-dimensional delta function potential,
V(z) = —pé(z)

(a) (5 pt.s) Derive the ground state energy.
(b) (10 pt.s) Consider a particle in the ground state of the well. If the well suddenly dissolves,
find the differential probability of observing an asymptotic momentum state p.

(10 pt.s) Express the state |s = 1/2,¢ = 1,ms = 1/2,my; = 0) as a linear combination of
eigenstates of total angular momentum J and projection M.

Two types of spin-1/2 fermions, referred to as “bob”s and “carol”s, exist in a
TWO-DIMENSIONAL WORLD. They may undergo reactions, bob <+ carol + vy, where
~ refers to a photon. The masses, m, of bobs and carols are identical and the net density,
n = ny + ne, is fixed. The carols feel an additional attractive energy U, which lowers their
energy relative to the bobs.

(a) (10 pt.s) For an equilibrated system at zero temperature, what fraction of the particles
are bobs? Give your answer in terms of n, m, U and hA.

(b) (5 pt.s) Demonstrate that the fraction you gave as the answer above is dimensionless.

(a) (5 pt.s) Consider an operator A in the Schrodinger representation. Given the Hamilto-
nian, H = Hy+ V, write expressions for Ay (t) and Ay () which are the Heisenberg and
interaction representations of A.

(b) (5 pt.s) Show that in the interaction representation, the evolution operator,
U(t) = eiffote=iHit
satisfies the equality,
(Wle' Ae™ M |¢) = (PIUT () Aine (1)U (1)]0)

(c) (5 pt.s) Show that U satisfies the equation,

) t
Uty —to) =1— % TV — )
to



5. (15 pt.s) If an interaction has an explicit time dependence, V; = V coswt, Fermi’s golden rule

becomes: 5
( .
L= EI(J”IVIM2 {d(€r — & — hw) + 6(€f — & + hw)}
Consider a particle of mass m in the ground state of a delta function potential, with the wave

function:

bo(z) = Ve *o.
An oscillating electric field is added that contributes a term,
Vi = Fx cos(wt),
to the Hamiltonian. The frequency, w, corresponds to an energy greater than the binding
energy of the well, hw > h*k%/(2m).
Estimate the rate at which the particle is ionized using Fermi’s golden rule.

6. (15 pt.s) Consider eigenstates of the hydrogen atom whose angular wave functions are de-
scribed by ¢ and m,. Which of the following matrix elements equal zero? All other information
about the eigenstate (e.g. spin and radial wave functions) are referred to by a and

) {a, £ =2,mpy=0| 7% |3,£ =0, my = 0)
) {a, £ =2,mp =0| 22 +9y? |B,£ = 0,my = 0)
¢) {(,£=3,my=0| 2 |8,£=0,my; =0)
) {a,£=3,mp=3| 22 |3,£ =3,my = 3)
) {a,£=3,mp=3| 2* |,£=3,my =1)
7. An electron is placed in a constant magnetic field of strength B which lies along the z axis.

Neglect the coupling of the spin to B , and assume the electron is confined two-dimensionally
to the z = 0 plane.

(a) (5 pt.s) Show that when using a gauge such that A lies purely along the y axis, that the
operator P, = —ih0/0y commutes with the Hamiltonian.

(b) (5 pt.s) Given that a wave function ¢, (z,y) is an eigenstate of P, with eigenvalue p,,
and is also an eigenstate of the Hamiltonian, write an expression for the ground state
wave function ¢, (x,%). (Do not concern yourself with the normalization.) What is the
energy of the ground state?

(c) (5 pt.s) Find the degeneracy of the ground state if the dimensions of the surface are L,
and L,. Express your answer in term of e, ¢, B, m, L, and L,,.
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1. Consider two orthogonal states | 7) and |. Define the state,

|R>:ﬁ(|T>+ZI¢>)

If a particle is in the state |R) at time ¢ = 0, and feels the interaction,
H = EO(t) 1){t],
find the probability for being in the state |R) as a function of time.

2. (a) Evaluate the matrix element
(0laaa’aa’a’|0).
where a' and @ are Bose creation and destruction operators.

(b) Consider b, df, b and d to be Fermi creation and destruction operators. Consider oper-

ators defined, . .
b=bcosf+d sinf, d=dcost— b'siné.

Find all anti-commutation relations between the operators, b, d, b' and di. Make sure
the new vacuum is normalized.

(c) Write an expression for the vacuum |0), which is annihilated by b and d, in terms of 6,
bf, d', and the original vaccum |0), which is annihilated by b and d.

3. Consider a particle of mass m that feels a three-dimensional potential
V(r)=p66(r—a), B<O.

In terms of 8 and m, find the minimum value of a that permits a bound state.
HINT: You need only cosider ¢ = 0 states.

4. Write down all the allowed J, L, S combinations for 2 electrons in the 2-p shell of Carbon.
Show that these values of J, L, S account for the 15 ways to put 2 electrons into the 6 p states.



5. The matrix element for the electromagnetic decay of an atomic d state with m = 0 to an p
state with m = 0 is given by the matrix element,

M=aé-({=1,m=0|F{ =2,m=0)

where o€ - 7 is the interaction responsible for the decay, and € represents the polarization
vector of the outgoing photon. The projection m is along the z axis. Assume that one has
used this matrix element to calculate the decay rate for this reaction and the resulting rate is
noted as ['yg.

(a) What is the polarization of the outgoing photon in the reaction described above?

(b) In terms of I'gg and Clebsch-Gordan coefficients, find the decay rates I'p1 m2(€) for all five
d states with projection m, into all three p states. Assume the photon is linearly polarized
along the z axis, € = 2. DO NOT EVALUATE CLEBSCH-GORDAN COEFFICIENTS.

HINT: The vector r can be written in terms of Lengendre Polynomials Y;,, (6, ¢),

6. Consider a particle of mass m, confined to one dimension, and in the ground state of a delta
function potential, with the wave function:

Po(z) = Ve ™
An oscillating electric field is added that contributes a term,
Vi = Fx cos(wt),

to the Hamiltonian. The frequency, w, corresponds to an energy greater than the binding
energy of the well, hw > B*k%/(2m).

Estimate the rate at which the particle is ionized using Fermi’s golden rule.

HINT: If an interaction has an explicit time dependence, V; = V coswt, Fermi’s golden rule
becomes:

2T .
L= E\(f\V|z)|2 {5(ef — € — hw) + (5(ef — ¢+ hw)}
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Perform integrals unless specified otherwise

1. Consider a spin 1/2 system. The projection operator P, projects the component of the wave
function that has positive spin along the y axis.

(n|Pyln) = 1{y, 1 n)|?

(a) (5 pt.s) Express P, as a matrix in the basis where (1/1/2) ( 1 ) denotes a state with
positive spin along the y axis.
(b) (5 pt.s) Calculate P;.

2. A resonance of type a and with angular momentum j, = 2 and projection m, can decay to
a resonance of type 8 with angular momentum jg = 1 and mg by radiating a massive spin-1
“spartan” particle. The matrix element describing the decay is

where € is the polarization of the spartan particle as described by one of three polarizaton
vectors,

o A o 1, . T,
0=2, €& = ﬁ(w +ig), € = ﬁ(w — ).

The decay rate, I'y,,—0,mz=0, is measured for the decay of the state with m, = 0 to the state
where mg = 0.

(a) (5 pt.s) What is the polarization of the spartan particle emitted in the decay m, = 0
and mg = 07
(b) Assuming the initial state was prepared with the projection m, = 2, for each of the three
values of mg = 1,0, —1:
i. (5 pt.s) Find the decay rates [y, —2m, in terms of I'gp and the ratio of Clebsch-
Gordan coefficients. Do not evaluate the Clebsch-Gordan coefficients.
ii. (5 pt.s) Describe the polarization of the spartan particles.

3. (10 pt.s) A particle of mass m initially populates the ground state of a ONE-DIMENSIONAL

harmonic-oscillator potential.

1
V(z) = Emw2x2.

At time t = 0 the potential is suddenly switched off. What is the differential probability,
dN/dk, of populating a plane wave, 1 (x) = e /+/L.



4. A particle of mass m initially populates the ground state of a ONE-DIMENSIONAL delta
function potential

V(z) = —Bé(z).
A time dependent perturbation is added,

OV (z,t) = acos(wt).

(a) (5 pt.s) Find the ground state wave function when the perturbation is neglected.

(b) (15 pt.s) Using Fermi’s golden rule, find the rate at which the particle is ionized.
5. Consider Fermi creation operators a' and b' where an initial Hamiltonian is of the form
H = e(a’a + b'b) + y(a'b + ab).
(a) (10pt.s) In terms of € and +, find E, Ey and 6 such that two new operators
al =alcos® +bsinh, BT =b'cosh —asind,
can be used to rewrite the Hamiltonian,
H = E(d'a + '8) + Ey.
(b) (5 pt.s) For the vacuum state |0) defined by
al0) =0, 50) =0,
find the average number of a and b quanta, (0|afa + b75(0).

6. (20 pt.s) A proton and neutron with magnetic moments p, and p, sit in s-wave states of a
nuclear well. The interaction with the magnetic field is then

They exhibit a spin-spin attraction,
Vio. = O4Sp : Sn

They are also placed in a constant magnetic field, B. Find the splitting of the four degenerate
states due to spin-spin and magnetic interactions.

7. (10 pt.s) Consider a particle of mass m moving under the influence of a repulsive rotationally-

symmetric potential,
Vo, 7<a

Vir) = { 0, r>a
An ¢ = 0 spherical wave is phase shifted by an amount §.
1

w(r) ~ = (efikr . eikr+2i6) . r>a.
r

Assuming h*k?/(2m) < V;, find § as a function of &.
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1. (10 pt.s) A magnetic field at 60° to the z axis is applied with the time dependence,

0, t<0
B(t)_{BO, t>0

If an at-rest electron is initially in a spin-up state (up being defined relative to the z axis),
find the probability of the electron being in the spin-down state as a function of time ¢.

1 0 0
2. Consider the £ = 1 basis where | 0 |, | 1 | and | 0 | represent the my; = 1,0 and -1
0 0 1

eigenstates, respectively, of L,.

(a) (10 pt.s) Write down matrices to represent the operators L,, L, and L, in this basis.
(b) (5 pt.s) Write down the matrix components of the operator that represents a rotation by
an angle ¢ about the z axis.

3. (15 pt.s) Four types of spin-1/2 fermions, referred to as bobs and carols, teds and alices, exist
in a TWO-DIMENSIONAL WORLD. The net charge is conserved.

Q = eQbob - charol + 2thed - 2€Qalice-

The overall baryon number is also conserved.

Nb = Nbob + Ncarol + 2Nted + 2Nalice-

They may undergo any reactions, e.g. 2 - bob + 2 - carol <+ ted + alice, that conserve charge
and baryon number. The masses of the various species are:

Mo = Mearol = My Mied = Malice = 2.
Consider an isolated system of volume V' with a net baryon number N, # 0 and zero net
charge () = 0 which is in the lowest energy state.
Find the numbers of each species, Npop, Nearot, Nieg and Ny as a function of m, N, and V.
4. An electron is placed in a constant magnetic field of strength B which lies along the z axis.

The electron also experiences an electric field £ which lies along the y axis. Neglect the
coupling of the spin to the magnetic field.

(a) (5 pt.s) Write down a vector potential A(r,¢) with A being solely along the y axis that
results in the electromagnetic field described above.
(b) (5 pt.s) Write the Hamiltonian for an electron in the field described above.

(¢) (5 pt.s) Assuming the wave function is of the form v (r,t) = ev¥tik=2¢, . (z,t), write
the wave equation for ¢, . (x,t) where 2k, and Rk, are the eigenvalues of P, and P,.



5. A particle of mass m, moving in a ONE-DIMENSIONAL world, is confined to the ground
state of an infinite square well,

O0<z< L.

At a time t = 0, the well is suddenly expanded to twice the original size.
0<z<2L.

(a) (5 pt.s) What is the probability that the particle will be found in the ground state of the
new well?

(b) (5 pt.s) What is the expectation of the energy, ((t)|H|1(t)), for times after the expansion
of the square well.

FYI:
/OW/2 dfsinmfsinng = ﬁ sin(m + n)g + 2(m17—n) sin(m — n)g
/0% df cosmf cosnf = 2(771174'71) sin(m + n)g + 2(m17—n) sin(m — n)g
/0% dfsinmf cosnf = mcos(mﬂ-n)g + Q(m_iin)cos(m—n)g

6. (15 pt.s) Consider eigenstates of the hydrogen atom whose angular wave functions are de-
scribed by ¢ and m,. Using the Wigner-Eckart theorem and conservation of parity, determine
which of the following matrix elements must equal zero? All other information about the
eigenstate (e.g. spin and radial wave functions) are referred to by a and S

(a) <OJ,€ = 27m€ = 0| 72 |/Ba€ = Zamé = 1>

(b) (a,£=2,my=0]| 22 +4*|B,£=1,m, = 0)

(¢) (a,£=3,my=0| z |5,£=0,my =0)

(d) {a,0=3,m;=3| (z+1y)* + (x —iy)* |8,£ =3, my = 3)

(€) (o, £=3,me=3| (z+iy)’ + (x—iy)* [B,{=3,me=1)

7. A particle of mass m moving through normal THREE-DIMENSIONAL space feels a
spherically symmetric attractive potential,

V(T) = —,35(7' - R)a

where 7 is the distance from the origin.

(a) (10 pt.s) For fixed R and m, find the minimum strength of the potential § that results
in the existence of a bound state. Express [Smin as a function of A, R and m.

(b) (5 pt.s) A spherical s wave scatters off the potential, with asymptotic form
r)~ = efzkr _ esz-}-QzJ )
()~ ~ ( )

For the potential above (with arbitrary (3), find the phase shift ¢ as a function of k.
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1. (10 points) Consider a two-component system described by the spinor,

Y1 (t)
t) =
W)<ww
The system evolves under the influence of a Hamiltonian,
H = H() + hwo -

If the system begins life in the state

Mhm:%(”,

find Pi(t), the probability of being in the state

2. A particle of mass m moves under the influence of a repulsive spherically symmetric potential,

Vo, 7<a
V(T):{ 00 r>a

(a) (10 points) Find the s-wave phase shift §(F) for energies F < Vj.
(b) (5 points) What is the cross section for scattering in the limit £ — 0.

3. (10 points) Express the state |s = 1/2,¢ = 2,ms; = 1/2,m, = 1) as a linear combination of
eigenstates of total angular momentum J and projection M.

4. (15 points) Two types (ted and alice) of non-relativistic spin-1/2 fermions have equal mass
m and move in a TWO-DIMENSIONAL world. They can undergo a reaction ted + v <>
alice + +', where ~ refers to a photon. A macroscopic number are placed in a large box of
area A that conserves the net number N = Nq + Nyjice, but allows photons to escape. The
particles feel different potentials within the box,

V;fed(xay) = ‘/ted
V;Llice(xay) = 0.

After equilibrating at zero temperature, find Nyy and Ny in terms of N, A, m and V.
(Assume Vieq is much less than the Fermi energy.)



5. A bob particle of mass m is in the first excited state of a ONE-DIMENSIONAL harmonic
oscillator characterized by frequency w. It can decay to the ground state via the emission of
a carol particle which is massless and spinless. The potential responsible for the decay is

V=g / dz V' (z)®(2)¥(x),

where W and ® are field operators for bob and carol particles respectively,

W) = % Y b ™ = 3 6o (a)bn
k n

% Z \/% (clteikz + ckefilcac) ’
k

where bL and c}; create bobs and carols with momentum %k, and bf would create bobs into any
state n which is part of an orthonormal basis described by wave functions ¢, (z).

(a) (b points) What is the dimension of g?

(b) (10 points) Calculate (k,0|V|1), the matrix element for decay of a bob from the first
excited state into the ground state via emission of a carol with momentum k.

(c) (10 points) In terms of i, m, w and M = /L{k,0|V|1), calculate the lifetime of the first
excited state.

Potentially useful information:

1 e B
Yo(z) = W@ /(2 )’ G’QZE (1)
n@ = 2L @)

E = hkc, for a massless particle. (3)



6. (15 points) Consider eigenstates of the hydrogen atom whose angular wave functions are
described by ¢ and m,. All other information about the eigenstate (e.g. spin and radial wave
functions) are referred to by a and 3. For each of the matrix elements below,

(a, 0 =2,my=0| 72 |3,£ =0,my =0)
< {=14 mg—0| (1L'+’L’y) |ﬂ,£=2,mg=0>
(a, 0 =2,mp=2| 22 |8, =0,my = 0)
(o, £ =3,mg=3| 2% |8, =3,my = 3)
(, £ =3,mp=2| z |8, =3,my=1),
choose one of the following statements.

A. Might be non-zero.

B. Must be zero due to parity.

C. Must be zero due to time-reversal.

D. Must be zero due angular momentum conservation, a.k.a. the Wigner Eckart theorem.

E. Must be zero due to conservation of electric charge.

7. Consider the quantum state
) = e~ 2617 0).

(a) (5 points) Calculate (0|a|n).
(b) (5 points) Calculate (n|(a’)3a?|n)

(You can use the fact that (n|n) = 1.



